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Abstract
We determine the electrostatic self-force for a point charge at rest
in an arbitrary static metric with cylindrical symmetry in the linear
approximation in the Newtonian constant. In linearised Einstein the-
ory, we express it in terms of the components of the energy-momentum
tensor.
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1 Introduction
DeWitt and DeWitt [1] have investigated the DeWitt-Brehme equation of
motion [2] for a point charge in a static weak gravitational field with spherical
symmetry. They determine the electromagnetic self-force for a point charge
falling non relativistically. It is not connected with the emission of electro-
magnetic radiation and it is non-zero for a point charge at rest. However, for
a point charge at rest in a static gravitational field within the Newtonian ap-
proximation, another approach due to Vilenkin [3] gives directly the induced
electrostatic self-force. An exact determination of this in the Schwarzchild
spacetime has been performed [4, 5, 6] by using the expression in closed form
of the electrostatic potential [7].
A renewed interest about the electrostatic self-force has appeared in the
studies of the straight cosmic strings in general relativity [8]. For an infinitely
thin straight cosmic string, the determination of the electrostatic self-force
has been performed by Linet [9, 10] and Smith [11]. However, some questions
occur about the boundary conditions of the electrostatic field at the position
of the singular source of the spacetime [12]. Therefore, electrostatics in the
case of an extended straight cosmic string have been analysed [13, 14] in
order to derive an expression of the electrostatic self-force.
The purpose of the present paper is to determine the electrostatic self-
force for a point charge at rest in an arbitrary static metric with cylindrical
symmetry. This class of spacetimes can describe extended cosmic strings
in general relativity but also different types of cosmic strings eventually in
other gravitational metric theories. Here, we limit ourselves to the calculation
of the electrostatic self-force in the linear approximation in the Newtonian
constant G (we set c = 1). It can be derived from a self-interaction potential
2
energy W ; in Minkowskian-like coordinates we have
fA = −∂W
∂xA
A = 1, 2 and f 3 = 0 (1)
We emphasize that we find the electrostatic potential beyond the New-
tonian approximation in which the components of the stress tensor are ne-
glected before the energy density. We will see that the knowledge of the
electrostatic potential in the case of a straight cosmic string plays a central
role in our method enabling us to obtain the result in integral form.
The plan of the paper is as follows. In Section 2, we indicate the coordi-
nate system in which we analyse the static metrics with cylindrical symmetry.
We show in Section 3 how the determination of the electrostatic potential
in the linear approximation in G can be reduced in solving two equations.
In Sections 4 and 5, we solve successively these equations obtaining as a
consequence the self-interaction potential energy. We add some concluding
remarks in Section 6.
2 Preliminaries
A static metric with cylindrical symmetry can be written in the coordinate
system (xµ) µ = 0, 1, 2, 3 as
ds2 = g00dt
2 − g11[(dx1)2 + (dx2)2]− g33(dx3)2 (2)
where the g00, g11 and g33 depend only on ρ with ρ =
√
(x1)2 + (x2)2.
Since we seek electromagnetic effects depending on G in the first approx-
imation, we develop the components gµν of the metric (2) with respect to the
Minkowskian metric ηµν as
gµν = ηµν + hµν (3)
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where hµν are the linear terms in G. According to (2), we see that
h11 = h22 and h0i = 0 (4)
The linearised Einstein equations for hµν take the following form in which
we must take into account the staticity and the cylindrical symmetry
△hµν+∂µ(ησρ∂σhνρ−1
2
∂νh)+∂ν(η
σρ∂σhµρ−1
2
∂µh) = 16πG(Tµν−1
2
ηµνT ) (5)
where h = ηµνhµν , △ being the Laplacian operator which reduces here to △2
the Laplacian operator in two dimensions. The energy-momentum tensor
Tµν which is the source of the gravitational field is the one calculated for
a material distribution in the Minkowskian spacetime. It is assumed to be
regular.
The metric of an extended cosmic string is a particular case of metric (2).
In the limit case where its radius tends to zero, we get the conical metric
with a singular source. In the linear approximation in G, the conical metric
can be written in the present coordinates [15] as
ds2 = (dx0)2 − (1− 8Gµ ln ρ
ρ∗
)[(dx1)2 + (dx2)2]− (dx3)2 (6)
where µ is the linear mass density of the cosmic string. We have introduced
in (6) an arbitrary length ρ∗ which can eventually represent the radius of the
cosmic string.
3 Equation of the electrostatic potential
For electrostatics in a static metric, we use the electrostatic potential V to
which the vector potential Aµ reduces in this case
A0 = V and Ai = 0 (7)
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and it does not depend on the coordinate x0. From the Maxwell equations
in the background metric (2), we obtain the equation of the electrostatic
potential
∂i[
√−ggijg00∂jV ] =
√−g
ǫ0
j0 (8)
where j0 is the charge density. For a point charge q located at xi = xi0, we
have
j0(xi) =
q√−g δ
(3)(xi − xi0) (9)
The electrostatic potential V has to be symmetric in the variables xi and xi0.
We can introduce development (3) of the metric (2) in equation (8). It is
convenient to use the following notations
g00 = 1 + h00 and
√−ggij = −δij + γij (10)
where h00 and γij are linear terms in G given by
γij = hij − 1
2
hδij and hµν = −ηµσηνρhσρ (11)
It will be useful for determining the electrostatic potential to recast γij in
the form
γij = γijC + γ
11δij with γijC = δ
i
3δ
j
3(γ
33 − γ11) (12)
which is possible taking into account (4). We remark that metric (6) corre-
sponds to h00 = 0 and γijC = γ
ij
CS where γ
ij
CS is defined by γ
33
CS = 8Gµ ln ρ/ρ∗.
According to (12), equation (8) with source term (9) can be now written
in the following manner
∂i[(−δij − δij(h00 − γ11) + γijC )∂jV ] =
q
ǫ0
δ(3)(xi − xi0) (13)
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In order to solve (13), we write down V as the sum of the Coulombian
potential and terms linear in G. We set
V (xi, xi0) =
q
4πǫ0r(xi, xi0)
+ VU(x
i, xi0) + VC(x
i, xi0) (14)
where r(xi, xi0) is the Euclidean distance between the points x
i and xi0. If VU
and VC obey respectively the following equations
△VU + q
4πǫ0
∂i[(h
00 − γ11)δij∂j 1
r
] = 0 (15)
△VC − q
4πǫ0
∂i[γ
ij
C∂j
1
r
] = 0 (16)
then equation (13) is satisfied. We recall that we must find VU and VC
symmetric in the variables xi and xi0.
For a straight cosmic string, the exact electrostatic potential is known in
another coordinate system in which the metric is conical. A local expression is
given for Gµ < 1/8 [10] as the sum of the Coulombian potential and a regular
part assuming that point x is near point x0. At the linear approximation in
G, a change of coordinate system to obtain form (6) of the metric yields
simply
V (xi, xi0) =
q
4πǫ0r(xi, x
i
0)
+ V ∗(xi, xi0) (17)
valid only for a point xi near the point xi0 where the part V
∗ is regular at
xi = xi0. It furnishes a solution VC = V
∗ to equation (16) for γijC = γ
ij
CS. The
self-interaction potential energy WCS is then given by
WCS(x
A
0 ) =
q
2
V ∗(xi0, x
i
0) (18)
which does not depend on x30. It has been explicitly calculated and it does
not depend on the coordinate system at the linear approximation in G. We
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have
WCS(x
A
0 ) =
q2Gµ
16ǫ0ρ0
(19)
As expected, it is a function of ρ0 with ρ0 =
√
(x10)
2 + (x20)
2.
4 Electrostatic self-force induced by VU
We follow the method of Vilenkin [3] for determining VU. We seek the solution
to equation (15) in the form
VU(x
i, xi0) = −
q
8πǫ0
(
h00(xi0)− γ11(xi0)
) 1
r(xi, xi0)
− q
8πǫ0
(
h00(xi)− γ11(xi)
) 1
r(xi, xi0)
(20)
+ψ(xi, xi0)
Then, the quantity ψ satisfies
△ψ = q
8πǫ0r(xi, xi0)
△(h00 − γ11) (21)
The solution to equation (21) is
ψ(xi, xi0) = −
q
32π2ǫ0
∫ △(h00 − γ11)(bi)
r(bi, xi0)r(b
i, xi)
d3b (22)
which is symmetric in xi and xi0.
From (22), we immediately obtain the self-interaction potential energy
WU(x
i
0) =
q
2
ψ(xi0, x
i
0) (23)
which is regular in xi = xi0. It is given by the integral
WU(x
i
0) = −
q2
64π2ǫ0
∫ △(h00 − γ11)(bi)
r2(bi, xi0)
d3b (24)
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which is well defined.
In the case of the cylindrical symmetry, △ acting on h00 − γ11 is in fact
△2 the Laplacian operator in two dimensions. Moreover, we can perform in
(24) the integration on the variable b3 and we obtain
WU(x
A
0 ) = −
q2
64πǫ0
∫ △2(h00 − γ11)(bA)
ρ(xA0 , b
A)
d2b (25)
where ρ(xA0 , b
A) =
√
(x10 − b1)2 + (x20 − b2)2. As a result of the integration on
b3, WU does not depend on x
3
0. Futhermore, it is easy to see that WU is a
function of ρ0.
In general relativity, we may use the linearised Einstein equations (5)
having as source term the energy-momentum tensor Tµν to calculate
△2(h00 − γ11). After some manipulations, we find
WU(x
A
0 ) =
q2G
8ǫ0
∫
(T 00 − T 33 )(bA)
ρ(xA0 , b
A)
d2b (26)
5 Electrostatic self-force induced by VC
We now turn our attention to determining VC. We can solve equation (16)
if we know the solution G(xi, xi0; b
A) to the following equation
△G− q
4πǫ0
∂i
[
δi3δ
j
3δ
(2)(xA − bA)∂j 1
r(xi, xi0)
]
= 0 (27)
the desired solution will be written in an integral form
VC(x
i, xi0) =
∫
γ33C (b
A)G(xi, xi0; b
A)d2b (28)
We have already noticed that V ∗, appearing in (17) for a straight cosmic
string, satisfies (16) which in this particular case takes the form
△V ∗ − 2Gµq
πǫ0
∂i
[
δi3δ
j
3 ln
ρ
ρ∗
∂j
1
r(xi, xi0)
]
= 0 (29)
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As mentioned this solution is known for xi near xi0. A change of origin of the
coordinates (xA) by bA in equation (29) yields the equation
△V ∗b −
2Gµq
πǫ0
∂i
[
δi3δ
j
3 ln
ρ(xA, bA)
ρ∗
∂j
1
r(xi, xi0)
]
= 0 (30)
whose solution V ∗b is consequently given by
V ∗b (x
i, xi0; b
A) = V ∗(xA − bA, x3; xA0 − bA, x30) (31)
But △2 ln ρ/ρ∗ = 2πδ(2), therefore
G(xi, xi0; b
A) =
1
16πGµ
△2V ∗b (xi, xi0; bA) (32)
where △2 acts on the variables bA. According to (28), we are now in a
position to give the integral expression of the desired solution
VC(x
i, xi0) =
1
16πGµ
∫
△2γ33C (bA)V ∗b (xi, xi0; bA)d2b (33)
for a point xi near point xi0, in which we have used a property of the convo-
lution product so that △2 applies now on γ33C . Expression (33) is regular at
xi = xi0.
From (33), we deduce immediately the self-interaction potential energy
WC(x
A
0 ) =
q
32πGµ
∫
△2γ33C (bA)V ∗b (xi0, xi0; bA)d2b (34)
By considering the self-interaction potential energy derived from (19) for a
straight cosmic string located at xA = bA
1
2
qV ∗b (x
i
0, x
i
0; b
A) =
q2Gµ
16ǫ0ρ(xA0 , b
A)
(35)
we get from (34) an integral expression
WC(x
A
0 ) =
q2
256πǫ0
∫ △2γ33C (bA)
ρ(xA0 , b
A)
d2b (36)
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In general relativity we may use the linearised Einstein equations (5) to
calculate △2γ33C ; we obtain after some manipulations
WC(x
A
0 ) =
q2G
16ǫ0
∫
(T 33 − T 11 − T 22 )(bA)
ρ(xA0 , b
A)
d2b (37)
6 Conclusion
For a static spacetime with cylindrical symmetry, we have determined in the
linear approximation in G the self-interaction potential energy WU + WC
given respectively by (25) and (36) in terms of the components of the metric.
We can apply these formulas for all gravitational metric theories.
Taking into account the linearised Einstein equations, we have expressed
these potentials with the aid of the components of the energy-momentum
tensor which is the source of the gravitational field. We have found the
following self-interaction potential energy
W (xA0 ) =
q2G
8ǫ0
[∫
T 00 (b
A)
ρ(xA0 , b
A)
d2b− 1
2
∫
(T 33 + T
1
1 + T
2
2 )(b
A)
ρ(xA0 , b
A)
d2b
]
(38)
which depends only on ρ0. For an energy-momentum tensor vanishing at
infinity, we point out that the integrals in expression (38) are well defined. We
emphasize that formula (38) can be now evaluated in arbitrary Minkowskian-
like coordinates in the linear approximation in G.
Formula (38) is general for regular energy-momentum tensors. It can be
applied for different types of cosmic string. This formula obviously verifies
the limit case in which the radius of an extented cosmic string tends to zero
since
T 00 → µδ(2) T 33 → µδ(2) T 11 → 0 T 22 → 0 (39)
giving expression (19) for an infinitely thin cosmic string.
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